A number of conservative PDEs, like various wave equations, allow for a multi-symplectic formulation which can be viewed as a generalization of the symplectic structure of Hamiltonian ODEs. We show that Gauss-Legendre collocation in space and time leads to multi-symplectic integrators, i.e., to numerical methods that preserve a symplectic conservation law similar to the conservation of symplecticity under a symplectic method for Hamiltonian ODEs. We also discuss the issue of conservation of energy and momentum. Since time discretization by a Gauss-Legendre method is computational rather expensive, we suggest several semi-explicit multi-symplectic methods based on Gauss-Legendre collocation in space and explicit or linearly implicit symplectic discretizations in time.
Introduction
The scalar wave equation @ tt u = @ xx u ? V 0 (u); (x; t) 2 U R 2 ; (1) V : R ! R some smooth function, is an example of a multi-symplectic Hamiltonian PDE 3] of type M@ t z + K@ x z = r z S(z) (2) where z 2 R d , M; K 2 R d d are two skew-symmetric matrices (which can be singular), and S : Other Hamiltonian PDEs that can be rewritten as a multi-symplectic system (2) include the nonlinear Schr odinger equation (see x6), the Boussinesq equation, the shallow water equation, and the Korteweg-de Vries equation 3, 4, 5] .
The multi-symplectic reformulation (2) is interesting for several reasons (see 3, 4, 5] for theoretical results), one of the most important perhaps being the existence of the multi-symplectic conservation law @ t dz^Mdz] + @ x dz^Kdz] = 0 (3) which, for the wave equation (1) , is equivalent to @ t du^dv] ? @ x du^dw] = 0: (4) In other words, changes in the wedge product du^dv in time are exactly compensated for by changes in the wedge product du^dw in space. We note that this is a strictly local conservation concept that, e.g., does not depend on speci c boundary conditions. This is in contrast to the classical formulation of the wave equation (1) as a Hamiltonian initial value problem over some appropriate function space. Furthermore, for conservative systems that do not depend on a spatial direction (like Newton's equations of motion), we obtain the classical result It is widely recognised that the symplectic structure of phase space should be taken into account when it comes to numerical simulations of Hamiltonian systems. In particular, methods that preserve the wedge product du^dv exist for canonical ( nite-dimensional) Hamiltonian systems and are called symplectic methods 18] . A discussion of symplectic methods for nite dimensional spatial truncations of the wave equation (1) can be found, for example, in 13, 8] (6) is Hamiltonian in the variable (u; v) 2 R 2M if A is symmetric leading to the invariance of the symplectic structure du^dv. Typically A is obtained using the second central di erence approximation (leapfrog) but higher order symmetric nite di erence approximations are also occasionally applied 8]. This system (5)- (6) can now be integrated in time using a symplectic discretization.
For example, if A is the second central di erence approximation and (5)- (6) is discretized by the St ormer-Verlet method 18], then the popular leapfrog discretization of the nonlinear wave equation (1) is obtained. Instead of applying a symplectic discretization in time one can also use an energy conserving discretization. This option has, for example, been explored in 19, 10, 15] .
Contrary to this \classical" approach, the investigation of multi-symplectic numerical methods for Hamiltonian PDEs is a very recent subject. The rst paper is due to Marsden, Patrick & Shkoller 11] who used a formulation of the multi-symplectic structure for wave equations based on a Lagrangian formulation of the Cartan form in eld theory 12]. They then derive a numerical scheme by discretizing the Lagrangian. This leads to an elegant generalization of Veselov discretizations 20] to PDEs. However, there are limitations in a Lagrangian setting, such as restrictions on the order of numerical discretizations. A new de nition of multi-symplectic integrators based on a discrete form of the symplectic conservation law (3) was recently suggested by Bridges & Reich in 6] . It has been shown that popular methods such as the centered Preissmann scheme 1] and the leapfrog method are multi-symplectic and that such schemes have remarkable local energy and momentum conserving properties 6] .
In this paper, we like to explore the question of whether or not symplectic methods z n+1 = t (z n ); t n+1 = t n + t;
for canonical Hamiltonian ODEs d dt z = J ?1 r z H(z); z 2 R 2M ; J = ?J T ;
with their exact conservation property dz n+1^J dz n+1 = dz n^J dz n can be generalised to multi-symplectic PDEs (2) . The main objective is to formulate higher order multi-symplectic discretizations. For simplicity of exposition, we will restrict to the nonlinear wave equation (1) 
with I(z) = F(z) = ?vw and G(z) = 1
It is known that Gauss-Legendre methods exactly preserve quadratic rst integrals of ordinary di erential equations 7, 18] . One could therefore expect that a Gauss-Legendre discretization of the wave equation (1) leads to a discrete energy/momentum conservation law if the function V is zero or at most quadratic in u. As we will see in x3, this analogy does indeed hold.
2 Gauss-Legendre Discretizations are Multi-Symplectic
Let us state the multi-symplectic formulation of the wave equation (1) in the form @ t u = v; (10) @ x u = w; (11) @ t v ? @ x w = ?V 0 (u):
The corresponding equations for the di erential one forms dz = (du; dv;dw) T Let us now discretize (10)- (12) by a Gauss-Legendre collocation method written in the form of an implicit Runge-Kutta method 18]. We start with the spatial discretization and rewrite (10)- (12) as @ x u = w; (13) @ x w = @ t v + V 0 (u); (14) 0 = @ t u ? v (15) Next we apply an implicit Runge-Kutta (RK) scheme with s stage variables (U i ; W i ) and coe cients fa ij g, fb i g to (13)- (14) and obtain the semi-discretization
a ij W j ; (16) 
a ij (@ t V j + V 0 (U j )) ; (17) (18) (19) which is de ned for all t. Note that u k (t) is an approximation to u(x k ; t). For simplicity, we set k = 0 and assume that x k = 0.
Let us check if this semi-discretization of the wave equation (2) implies a corresponding semidiscretized version of the conservation law (4). We rst derive the equations for the di erentials dU i = du 0 + x s X j=1 a ij dW j ; (20) dW i = dw 0 + x s X j=1 a ij (@ t dV j + V 00 dU j ) ; (21) 
which holds for all t. The next step is the discretization in time over a time interval 0; t]. Since we are using an implicit RK methods, we can solve (16)-(17) for @ t V j (t), j = 1; : : : ; s. We also use equation (15) Proposition 1. Let the multi-symplectic formulation (10)- (12) of the nonlinear wave equation
(1) be discretized in space and in time by a pair of Gauss-Legendre collocation methods with s, r respectively, stages. Then the resulting discretization is a multi-symplectic integrator with discrete conservation law (29).
It might appear as if the order in which the discretization in space and time is carried out would lead to di erent schemes. But this is not the case. Take, for example, the spatial discretization ( in (26) and (28) to obtain the same scheme which, however, appears now to be obtained via a semidiscretization in time followed by a discretization in space. In fact, our schemes can be written in the general form as presented in Fig. 1 .
We like to point out that s = r = 1, i.e., an implicit midpoint discretization in space and time, This is precisely conservation of symplecticity in time with respect to the state variables u = fu i;k g k=1;:::M;i=1;:::;s and v = fv i;k g k=1;:::M;i=1;:::;s and the wedge product du^Bdv where B is a diagonal matrix with entries corresponding to the weights fb i g. In other words, multi-symplectic Gauss-Legendre methods imply the conservation of symplecticity in time, i.e. du n+1^B dv n+1 = du n^B dv n ;
when applied to problems with periodic boundary conditions. Thus these methods are also symplectic discretizations in the \classical" sense (although with a non-canonical -but non-degenerate -symplectic structure).
Proposition 2. Let the multi-symplectic formulation (10)- (12) of the nonlinear wave equation
(1) be discretized in space and in time by a pair of Gauss-Legendre collocation methods with s, r respectively, stages. Assume that we solve an initial value problem in time with periodic boundary conditions in space. Then the resulting discretization yields a nite dimensional Hamiltonian truncation of the wave equation in space with the underlying symplectic structure du^Bdv and a symplectic discretization of this nite-dimensional system in time.
3 Conservation of Energy and Momentum
As already mentioned in the Introduction, the wave equation (1) etc. This is an approximation to the contour integral in the (x; t) plane
with k = n = 1 in the same sense as (29) is for (30). It immediately also implies a corresponding result for any k; n > 1.
Since Gauss-Legendre collocation methods preserve quadratic integrals of ODEs exactly 7, 18], we could expect that multi-symplectic Gauss-Legendre methods will give rise to a discrete conservation law (36) when V (u) = cu 2 =2, c 2 R some constant. To be able to evaluate the corresponding discrete conservation law (36), we have to rst introduce two auxiliary systems, namely The right hand side of this equation is zero due to (44).
c 2 R some constant. Then the resulting discretization conserves the discrete energy conservation law (36).
Li & Vu-Quoc have suggested a method that exactly conserves a discrete local energy conservation law for any type of smooth potential V (u) 21, 15] . This local energy conservation law is, however, di erent from (36). Their approach is based on a second central di erence approximation in space and an energy conserving variant of the implicit midpoint method in time. We wish to point out that, following their approach, one can also obtain a variant of the centered Preissmann scheme (35) that exactly conserves the discrete energy conservation law (36) with s = r = 1 for any smooth potential V (u). The idea is to apply an implicit midpoint discretization in space and a proper energy conserving variant of the midpoint discretization in time. See the Appendix for more details. Note that this energy conserving scheme cannot be expected to be multi-symplectic, in general, and that, for linear problems, the scheme reduces to the box scheme. We now investigate the preservation of the momentum conservation law (9). We rst de ne a discrete conservation law Combining both results, we indeed obtain the discrete conservation law (47).
Proposition 4. Let the multi-symplectic formulation (10)-(12) of the nonlinear wave equation
(1) be discretized in space and in time by a pair of Gauss-Legendre collocation methods with s, r respectively, stages. Let us also assume that the potential V in (1) is of the form V (u) = c 2 u 2 ; c 2 R some constant. Then the resulting discretization conserves the discrete momentum conservation law (47).
Proposition 3 & 4 show that multi-symplectic integrators for linear wave equations have excellent energy-momentum conservation. This suggests that multi-symplectic integrators for nonlinear wave equations will preserve the discrete energy-momentum conservation laws in good approximation.
The following \global" result for a wave equation (1) However, this global view provides a much weaker concept of energy and momentum conservation. It is a necessary but not su cient condition for the preservation of the corresponding local conservation laws.
Semi-Explicit and Linearly Implicit Multi-Symplectic Discretizations
There are certainly other options available for the time discretization then using a high-order implicit Gauss-Legendre collocation method (25)-(28) when integrating an initial-boundary value (Cauchy) problem. In fact, one can either apply the implicit midpoint method in time and use appropriate concatenations of the corresponding scheme to obtain a higher order in time method or one can apply a higher order explicit symplectic partitioned Runge-Kutta method in time 18]. Let us, for example, take an explicit symplectic concatenation method of the form 
Numerical Experiments
To gain insight into the performance of the suggested multi-symplectic methods, in particular into their local conservation of energy and momentum, we perform the following numerical experiments. We discretize the sine-Gordon equation @ tt u = @ xx u ? sin(u) using the multi-symplectic Gauss-Legendre method with r = 1 (midpoint in time) and s = 2 (fourth order Gauss-Legendre method in space). We implement periodic boundary conditions u(?L=2; t) = u(L=2; t) for two di erent sets of initial conditions. For the rst experiment, which we call Experiment A, we use L = 100, u(x; 0) = On an in nite domain, these initial conditions correspond to a soliton and anti-soliton solution moving with speed . We set = 0:5. In Fig. 2 , snapshots of the time evolution of the wave form We monitor the drift in the numerical approximations to the total energy E(t) and the total momentum I(t) as well as the error in the numerical discretizations of the local energy conservation law (36) and the local momentum conservation law (47).
The numerical errors in the conserved quantities for the Experiment A can be found in Fig. 3 .
These results are obtained using M = 100 spatial grid points and a time-step of t = 0:1. Total momentum I(t) is conserved exactly since it is a quadratic invariant. The two pronounced spikes in the error of the total energy correspond to rapid \ ip" transitions of the solution u(x; t) whenever the two kinks meet at x = L or x = 0.
We also plot the error in the local conservation laws (36) and (47) as a function of the spatial grid location and the time step. As can be seen from Fig. 4 , the errors are mainly concentrated around the two moving fronts.
The corresponding numerical results for the Experiment B can be found in We like to point out that our numerical experiments show that the error in the energy conservation law (36) divided by the area element x t depends only on the chosen time-step t and is second order in t while the corresponding error in the local momentum conservation law (47) depends only on the spatial mesh-size x and is approximately of fourth order in x. See Table 5 . ? tV 0 (q n j ) :
As shown in 13, 8] , the resulting method is symplectic when considered as a time discretization of a nite dimensional Hamiltonian approximation of (1). However, because of the non-symplectic nite di erence approximation of the Laplacian, the overall method is not multi-symplectic. We repeated the Experiment B with this nite di erences scheme and evaluated the l 1 global error of the numerical computed breather solution after k periods, k = 1; : : : ; 700. The results for a step-size of t = T=120, T = 2 =!, and di erent values of the spatial mesh-size x = L=M, L = 100, can be found in Fig. 8 . We note that the symplectic nite di erences method has initially a smaller global error compared to the multi-symplectic Gauss-Legendre collocation method. However, due to an apparently more favourable error propagation, the multi-symplectic collocation method yields, in both cases, a smaller global error after k = 700 periods. Note that both methods use a second order discretization in time and a fourth order discretization in space.
Another Example: Nonlinear Schr odinger Equation
To demonstrate the generality of our approach, we brie y consider multi-symplectic integration of the one dimensional nonlinear Schr odinger We like to point out that any multi-symplectic Gauss-Legendre discretization will exactly preserve a discrete version of the conservation law (49). This follows from the quadratic form of the conservation law and the fact that quadratic conservation laws are exactly preserved by Gauss-Legendre methods.
When it comes to the integration of an initial-boundary value (Cauchy) problem, one could discretize in space using a Gauss-Legendre method and replace the temporal discretization by any convenient symplectic discretization of the spatially truncated system. Similar to what has been shown in x4 for the nonlinear wave equation, we would again obtain multi-symplectic methods.
Concluding Remarks
Theoretical results indicate 3, 4, 5] that the multi-symplectic structure of certain PDEs is crucial for a deeper understanding of wave phenomena. One of the nice features is that it is a strictly local concept and that it can be formulated as a conservation law involving di erential two forms. It is thus also a very natural generalization of the conservation of symplecticity for canonical Hamiltonian systems. The results of this paper show that it is possible to nd higher order multi-symplectic methods in a rather general setting again similar to the nite dimensional situation.
The suggested Gauss-Legendre discretizations for the one dimensional nonlinear wave equation (1) naturally generalize to any multi-symplectic PDE (2) . Furthermore, they can also be applied to higher-dimensional nonlinear wave equations like, for example, @ tt u ? @ xx u ? @ yy u = ?V 0 (u) and, more generally, to multi-symplectic PDEs like, for example, M@ t z + K@ x z + L@ y z = r z S(z):
This also implies that the schemes can be applied to the corresponding stationary problems characterised by @ t z = 0. 
We like to show that this modi ed scheme exactly conserves the discrete energy conservation law For the subsequent derivation it is crucial to observe that the solutions of (50)-(52) as well as of (50) 
